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HIGH ENERGY SCATTERING AMPLITUDE IN THE LINEARIZED
GRAVITATIONAL THEORY
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Abstract: The asymptotic behavior of the elastic scattering amplitude by the exchange of gravi-
ton between two scalar particles at high energies and fixed momentum transfers is reconsidered
in the Logunov-Tavkhelidze equation in the linearized gravitational theory. The corrections to
the eikonal approximation in the quasi-potential approach of relative order 1/p is developed with
the principal contributions at high energy. The eikonal expression of scattering amplitude and
the formal first correction are derived. The Yukawa potential is applied to discuss the results.
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1. Introduction
The eikonal approximation (which is also called straight-line path approximation)is an effective
method of calculating the scattering amplitude at high energies and is studied by many authors in
quantum field theory [1-4], and in quantum gravity theory recently [5-13]. However, in different
approaches, only the main term of amplitude was considered, while the first correction does not
have an explicit solution. Researches [9,10] in which path-integral method with modified pertur-
bation theory and Logunov-Tavkhelidze quasi-potential are used to give the analytic expression
of the first correction. Thus, the advantage of quasi-potential approach is affirmed and need to
be studied more deeply.
The aim of this paper is to make a more detailed investigation of the quasi-potential approach
by solving quasi-potential equation [9-10] to find the eikonal scattering amplitude and the first
correction at high energies and minor momentum transfers.
The paper is organized as follow. In section II, eikonal approximation for the scattering
amplitude and the first correction are derived by using quasi-potential approach in the coordinate
representation. This result is applied to the Yukawa potential in section III. The last section, we
draw our conclusion.
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2. Correction terms of scattering amplitude
First, we will derive homogenous equation for one-time wave function of an interactive two scalar
particle system. To do this, we start from 4-time Green function which must be satisfied the
Bethe-Salpeter equation [14], and can be written down in a symbolic form [14,15]
G = αG0 + α−1G0KG,α = (2π)4, (1)
where G0 is the Green function of free particles, and the kernel K can be found by perturbative
method.
Solving (1) by using the reduction technique with a relation between the 2-time Green function
and 4-time Green function G˜ab, following the procedure of ref. [16], we have an explicit equation
for the 2-time Green function in momentum representation
Performing the Fourier transformations
F (p′2;E2)G˜(p′, p, E)−
∫
dq3V (p′, q, E)G˜(q, p,E) = δ(p − p′), (2)
where Fa,b(p
2;E2) = (p2 +m2a,b − E2)
√
p2 +m2a,b, and V (p
′, q, E) is a potential matrix.
From (2) and the relation G˜ab(t, ~x, ~y) =
∑
n
ϕn(t; ~x, ~y)ϕ
+
n (t; ~x, ~y) between the 1-time wave function
and the 2-time Green function, the homogenous equation of 1-time wave function will be
(~p2 − E2 +m2)ψ(~p) =
∫
dq˜
V[(p˜ − q˜)2; E]ψ(~q)√
m2 + ~q2
(3)
Considering equation (3) in the coordinate representation with a purely imaginary local quasi-
potential V (~r;E) = ipEv(~r) in which v(~r) is a smooth positive function and p = |~p|. At high
energies and small scattering angle, wave function ψp(~r) can be written in the form ψp(~r) =
eipzFp(~r), Fp(~r)|z→−∞ = 1. By expanding terms in inverse powers of momentum, and keeping
only terms of the order 1/p takes the form, the solution of Eq. (3) will be [17,18]
Fp(~r) = exp

−zθ(z)γ(ρ)
2ip
−
z∫
−∞
v(ρ, z′) dz′ − 1
2ip
z∫
−∞
χ˜(1)(ρ, z′) dz′

 , (4)
where
χ˜(1)(ρ, z) = χ(1)(ρ, z)− θ(z)γ(ρ) ,
z∫
−∞
χ(1)(ρ, z′) dz′ =
z∫
−∞
χ˜(1)(ρ, z′) dz′ + zθ(z)γ(ρ),
χ(0) = v (r), χ(1) = −3
[
∂zv (r)− v (r)2 − η⊥(~r, v)
]
,
η⊥(~r, χ) = −
z∫
−∞
∇2⊥χ(ρ, z′) dz′ +

 z∫
−∞
∇⊥χ(ρ, z′) dz′


2
.
The scattering amplitude is related to the wave function as follows
T (∆2;E) =
1
(2π)3
∫
dr ψ∗(0)k V (E; r)ψp(r) (5)
where ∆2 = (p − k)2 = ∆2⊥ +∆2z = −t and ∆z =
∆2
⊥
2p +O
(
1
p2
)
.
Substituting (4) into (5) and integrating by part, we obtain
T (∆2;E) = T (0)(∆2;E) +
1
2ip
T (1)(∆2;E) + ... (6)
where the eikonal approximation for the amplitude is
T (0)(∆2;E) = −2ipE 1
(2π)3
∫
d2ρeiρ∆⊥(e
−
∞∫
−∞
v(ρ,z′) dz′
− 1) (7)
and the first correction in this approximation
T (1)(∆2;E) = 2ipE
1
(2π)3
{∫
d2ρ eiρ∆⊥e
−
∞∫
−∞
v(ρ,z′) dz′
3
∞∫
−∞
v2(ρ, z)dz
−
∫
d2ρdz eiρ∆⊥∆2⊥
∞∫
−∞
dz z v(ρ, v)e
−
z∫
−∞
v(ρ,z′) dz′
+
∫
d2ρeiρ∆⊥
∫ ∞
−∞
dzη⊥(ρ, v)
(
e−
∫ z
−∞
v(ρ,z′)dz′ − e
∫
∞
−∞
v(ρ,z′)dz′
)}
(8)
Using method of integral by part [9] and quasi-potential approach in the momentum representa-
tion [10] these results (7), (8) can also be found.
Now, let us consider the case where momentum transfers t = 0 and quasi-potential has the
Gaussian form V (E;∆2) = isgeat, t = −∆2 which the corresponding form in the coordinate
representation is
V (E; r) = isg
√
π/a e−r
2/4a. (9)
Since t = ∆⊥2 +∆z2 = 0, it follows ∆⊥ = 0. Substituting (9) into (8), and noticing that on the
mass shell p2 = E2 −m2,⇒ p ∝ E ∝ √s, the first correction term will be
T (1)(∆2 = 0;E) ∝ 3isg g
π
√
8πa
∫
d2ρe−ρ
2/2ae2iχ0 + isg
1
8π2a
∫
d2ρe−ρ
2/4a
(
1− ρ
2
2a
)
×
×
∞∫
−∞
dz
z∫
−∞
V (z′)dz′

exp

2iχ
z∫
−∞
V (z′) dz′

− exp

2iχ
∞∫
−∞
V (z′) dz′



 , (10)
where 2iχ = −4πge−ρ2/4a, V (z) = 1√
4pia
e−z
2/4a.
The similar result Eq.(10) is also found by the Born approximation in momentum representation
[17].
3. Asymptotic behavior of the scattering amplitude at high en-
ergies
In the previous section, the general form of the scattering amplitude of two scalar particles is
found in the potential V (~r;E). Now, let us consider a particular example in which the graviton
exchange2[9]
the quasi-potential increases with energy V (r, s) =
(
κ2se−µr
/
2πr
)
. Substituting this
Yukawa potential into (7), (8) and noticing that at high energies,p ∝ E ∝ √s, we find the leading
term of the scattering amplitude
T (0)(∆2;E) ∝ κ
2s
(2π)4
(
1
µ2 − t −
κ4
2(2π)2
F1(t) +
κ4
3(2π)5
F2(t)
)
, (11)
and the first correction term
T (1)(∆2;E) =
3iκ6
(2π)6
(
F1(t)− 2κ
3
(2π)3
F2(t)
)
, (12)
where
F1 (t) =
1
t
√
1− 4µ2t
ln
∣∣∣∣∣∣
1−
√
1− 4µ2/t
1 +
√
1− 4µ2/t
∣∣∣∣∣∣ , (13)
F2 (t) =
1∫
0
dy
1
(ty + µ2) (y − 1) ln
∣∣∣∣ µ2y (ty + µ2 − t)
∣∣∣∣, (14)
These results (11), (12) have similar forms in [9]. Moreover, from these equations we see that the
first correction term of the eikonal expression of the scattering amplitude at high energies and
fixed momentum transfers increases rapidly in the linearized gravitational theory. Comparison
of these above potentials has made it possible to draw the following conclusions: in the model
with the scalar exchange, the total cross section σt decreases as 1/s, and only the Born term
predominates in the entire eikonal equation; the vector model leads to a total cross section
approaching a constant value as s→∞, (t/s)→ 0 . In both cases, the eikonal phases are purely
real and consequently the inuence of inelastic scattering is disregarded in this approximation,
σin = 0. In the case of graviton exchange the Froissart limit is violated. A similar result is also
obtained in Ref.[20] with the eikonal series for reggeized graviton exchange.
2The model of interaction of a scalar nucleons with a gravitational field in the linear approximation to
hµν (x) , L (x) = L0,ϕ (x) + L0.grav (x) + Lint (x)
L0,ϕ (x) =
1
2
[
∂
µ
ϕ (x) ∂µϕ (x)−m
2
ϕ
2 (x)
]
, Lint (x) = −
κ
2
h
µν (x)Tµν (x) ,
Tµν (x) = ∂µϕ (x) ∂νϕ (x)−
1
2
ηµν
[
∂
µ
ϕ (x) ∂µϕ (x)−m
2
ϕ
2 (x)
]
and Tµν (x) is the energy momentum tensor of the scalar field. The coupling constant κ is related to the Newton
constant of gravitation G by κ2 = 32piG = 32pil2PL. lPL = 1, 6.10
−33cm is the Planck length.
4. Conclusion
The asymptotic behavior of the scattering amplitude at high energies and fixed momentum trans-
fers has been studied with in a quasi-potential approach in the coordinate representation in the
linearized gravitational theory. The obtained results of eikonal expression of the scattering ampli-
tude and the corresponding first correction term coincide with the results found by other authors
[9-10]. The Yukawa potential has been used to concretize the results.
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